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Abstract
We show that any topologically transitive codimension-one Anosov
flow on a closed manifold is topologically equivalent to a smooth Anosov
flow that preserves a smooth volume. By a classical theorem due to Ver-
jovsky, any higher dimensional codimension-one Anosov flow is topolog-
ically transitive. Recently, Simic´ showed that any higher dimensional
codimension-one Anosov flow that preserves a smooth volume is topolog-
ically equivalent to the suspension of an Anosov diffeomorphism. There-
fore, our result gives a complete classification of codimension-one Anosov
flow up to topological equivalence in higher dimensions.
1 Introduction
In [11], Livsˇic and Sina˘ı showed that an Anosov flow Φ = {Φt}t∈R on a closed
manifold preserves an absolutely continuous measure with respect to the Lebesgue
measure if and only if det(DΦT )p = 1 for any periodic point p with period T .
In [12], de la Llave, Marco, and Moriyo´n showed the corresponding result for
smooth volumes. Their results give a characterization of Anosov flows with
C∞ invariant volume. However, the following natural question is still open and
important.
Question 1.1. Which Anosov flow is topologically equivalent to a volume pre-
serving one?
We answer this question for codimension Anosov flows. That is,
Main Theorem. Any topologically transitive codimension-one Anosov flow on
a closed manifold is topologically equivalent to a C∞ Anosov flow with a C∞
invariant volume.
∗Partially supported by JSPS PostDoctoral Fellowships for Research Abroad
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It is well-known that any Anosov flow that preserves a volume is topologi-
cally transitive. Therefore, the above theorem is optimal for codimension-one
case. Remark that there exists a three-dimensional Anosov flow that is not
topologically transitive (see [6]).
When the dimension of the manifold is greater than three, the main theorem
yields an important conclusion. In 1970’s, Verjovsky conjectured that any higher
dimensional codimension-one Anosov flow should be a classical one. That is,
The Verjovsky Conjecture. Any codimension-one Anosov flow on a closed
manifold of dimension greater than three is topologically equivalent to the sus-
pension flow of a toral automorphism. 1
We recall two results on codimension-one Anosov flows on higher dimensional
manifolds. Let M be a closed manifold of dimension greater than three and Φ
be a C∞ codimension-one Anosov flow on M .
Theorem 1.2 (Verjovsky [16], see also [2]). Φ is topologically transitive.
Theorem 1.3 (Simic´ [15]). If Φ preserves a C∞ volume, then it is topologically
equivalent to the suspension flow of a hyperbolic toral automorphism.
With their results, the main theorem implies
Corollary 1.4. The Verjovsky conjecture is true.
As far as the author’s knowledge, no counterexample is known to the analogy
of the main theorem for higher codimension. So, we pose
Conjecture 1.5. Any topologically transitive Anosov flow is topologically equiv-
alent to a volume preserving one.
The main ingredient of the proof of the main theorem is a generalization
of Cawley’s deformation of Anosov systems. In [4], Cawley gave a method to
deform a two-dimensional Anosov diffeomorphism into another one that has
the desired expansions along the stable foliation and the unstable foliation. In
Section 3, we generalize the Radon-Nikodym realization theorem, which played
the central role in her method, to codimension-one Anosov flows. It allows us
to deform an Anosov flow into another one that preserves a volume in some
sense, but the deformation destroys the smoothness of the flow. So, we need
more effort to obtain a smooth flow. It is done in Section 4.
Acknowledgments This paper was written while the author stayed at Unite´
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2 Preliminaries
2.1 Notations
By Z and R, we denote the set of integers and real numbers respectively. For
an integer r ≥ 0 and α ∈ (0, 1), we say a map between C∞ manifolds is of class
Cr+α if it is of class Cr and all r-th partial derivatives are α-Ho¨lder continuous.
We say a map is of class Cr+ if it is of class Cr+α for some α ∈ (0, 1).
Let π : E→B be a finite-dimensional vector bundle over a Hausdorff space B
and g be a continuous metric on E. We denote the norm corresponding to g by
‖ · ‖g and the fiber π−1(p) of p ∈ B by E(p). For a linear map F between fibers
E(p) and E(q), we denote the determinant of F with respect to the metric g by
detg F . We define the operator norm ‖F‖g of F by
‖F‖g = sup {‖F (v)‖g | v ∈ E(p), ‖v‖g ≤ 1} .
2.2 Regularity of foliations
Let F be a continuous foliation on a manifold M . We denote the leaf that
contains p ∈ M by F(p). For an open subset U of M , let F|U be the foliation
on U such that (F|U )(p) is the connected component of F(p) ∩ U containing
p ∈ M . A coordinate ϕ = (x1, · · · , xn) on U is called a foliation coordinate of
F if xm+1, · · · , xn are constant functions on each leaf of F|U , where m is the
dimension of F . A foliation is of class Cr+ if it is covered by Cr+ foliation
coordinates. We denote the tangent bundle of M by TM . If F is a C1 foliation,
then we denote the tangent bundle of F by TF . For a homeomorphism h from
M to another manifold M ′, we define a foliation H(F) on M ′ by H(F)(p) =
H(F(H−1(p))).
In general, if a foliation F is of class Cr+, then TF is of class C(r−1)+.
However, the following theorem due to Hart implies that we may replace F in
its Cr+-equivalence class so that TF is of class Cr+.
Theorem 2.1 (Hart [8, Theorem B]). For any Cr+α-foliation F on a C∞
closed manifold M , there exists a Cr+α diffeomorphism H of M such that
T (H(F)) = DH(TF) is a Cr+α subbundle of TM . Moreover, we can choose
the diffeomorphism H so that it is arbitrary Cr-close to the identity map.
We give a short proof in Appendix A. The theorem has an immediate
corollary, which is important for our proof of the main theorem.
Corollary 2.2. Let M1 be a C
1+ closed manifold and L an oriented C1+ one-
dimensional foliation on M1. Then, M1 admits a C
∞-structure that is compat-
ible with the C1+-structure of M1 and such that L is generated by a C1+ vector
field.
2.3 C∞ invariant volumes
We show the following proposition in this subsection.
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Proposition 2.3. Let X0 be a C
1+ vector fields on a C∞ closed manifold M . If
the flow generated by X0 preserves a Ho¨lder continuous volume, then X0 can be
C1-approximated by a C∞ vector field that generates a flow with a C∞ invariant
volume.
For a C1 vector field X on M and a continuous metric g on TM , we define
a function divg X on M by
divgX(p) = lim
t→0
1
t
log detgDΦ
t(p)
if the limit exists for any p ∈ M , where Φ is the C1 flow generated by X .
Remark that the formula
diveh·gX = (dimM) ·Xh+ divgX (2.1)
holds when divX is well-defined and h is differentiable along X .
Lemma 2.4. Let n be the dimension of M . For any C1+α vector field X
and any C∞ metric g on TM , the function divg X is well-defined and of class
Cα. Moreover, if a sequence {Xk}k≥1 of C1+α vector fields converges to X
with respect to the C1+α-topology, then {divg Xk}k≥1 converges to divgX with
respect to the Cα-topology.
Proof. The metric g induces a C∞ volume form ωg on M . Fix p ∈ M . By
Morser’s lemma, there exists a C∞ coordinate ϕ = (x1, · · · , xn) on an open
neighborhood U of p such that (ϕ−1)∗ωg is the standard volume form dx1 ∧
· · · ∧ dxn. We define functions a1, · · · , an on ϕ(U) by
Dϕ(X) =
n∑
i=1
an
∂
∂xi
.
The standard argument gives a formula
divgX =
n∑
i=1
∂ai
∂xi
even if X is only of class C1+α. Hence, divgX is a well-defined C
α function
and it depends continuously on X .
Now, we prove Proposition 2.3. Let X0 be a C
1+α vector field on M that
preserves a Ho¨lder continuous volume and Φ0 be the C
1+α flow generated by
X0. Fix a C
∞ metric g0 on TM . There exists a C
α function h0 such that
deteh0 ·g0 DΦ
t
0(p) = 1 for any p ∈ M and t ∈ R. By Lemma 2.4, divg0 X is
well-defined and of class Cα. Since
(dimM) · (h0 ◦ Φ
t
0(p)− h0(p)) + log detg0DΦ
t
0(p) = log deteh0 ·g0DΦ
t
0(p) = 0,
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h0 is differentiable along X0 and
(dimM) ·X0h0 = − divg0 X0. (2.2)
The standard construction by using a mollifier gives a sequence {hk}k≥1 of C∞
functions on M such that
‖hk − h0‖Cα + ‖X0hk −X0h0‖Cα <
1
k
,
where ‖ · ‖Cα is the Cα-norm of a function. Take a sequence {Yk}k≥1 of C∞
vector fields on M that converges to X0 with respect to the C
1+α-topology.
By Lemma 2.4, for any fixed k, divehkg0 Yk′ converges to divehk g0 X0 as a C
α
function when k′ tends to infinity. Hence, by taking a subsequence of {Yk}k≥1
if it is necessary, we may assume that
‖ divehk ·g0 Yk − divehk ·g0 X0‖Cα <
1
k
By the equations (2.1) and (2.2), we have
divehk ·g0 Yk =
(
divehk ·g0 Yk − divehk ·g0 X0
)
+ (dimM) · (X0hk −X0h0)
and the right-hand term converges to 0.
Now, we mimic the proof of Theorem 2.2 in [1] due to Arbeito and Matheus.
We fix a point p∗ ∈ M . Let ∆k and gradk f be the Laplacian and the gra-
dient flow of a C∞ function f with respect to the metric ehk · g0. Since
the integral of − divehk ·g0 over M is zero, the partial differential equation
∆kfk = − divehk ·g0 Yk has a unique C
∞ solution fk with fk(p∗) = 0 and
the sequence (fk)k≥1 converges to 0 in the C
2+α-topology. The vector field
Xk = Yk + gradk fk satisfies
divehk ·g0 Xk = divehk ·g0 Yk +∆kfk = 0
and the sequence {Xk}k≥1 converges to X0 with respect to the C1+α-topology.
2.4 Anosov flows
Let M be a C∞ manifold and Φ a C1+ flow without stationary points. By TΦ,
we denote the one-dimensional subbundle of TM that is tangent to the orbits
of Φ. We say Φ is Anosov if there exists a continuous DΦ-invariant splitting
TM = TΦ⊕ Ess ⊕ Euu, a continuous metric g on TM , and a constant λ > 0
such that
max
{
‖DΦt|Ess(p)‖g, ‖DΦ
−t|Euu(p)‖g
}
< exp(−λt) (2.3)
for any p ∈M and any t > 0. The splitting TM = TΦ⊕Ess⊕Euu is called an
Anosov splitting of Φ. It is known that the splitting is Ho¨lder continuous and
the subbundles Ess, Euu, TΦ ⊕ Ess, TΦ ⊕ Euu are uniquely integrable. The
corresponding foliations are called the strong stable foliation, the strong unstable
foliation, the weak stable foliation, and the weak unstable foliation, respectively.
We say Φ is a codimension-one Anosov flow if Euu is one-dimensional. It
is known that if Φ is a C∞ codimension-one Anosov flow, then TΦ⊕ Ess is of
class C1+. See e.g. [9, Corollary 19.1.12].
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2.5 The Gibbs measure for subshift of finite types
In this subsection, we review some basic results on symbolic dynamics. Fix
a positive integer k∗. Let Σ be the set of maps from {m ∈ Z | m ≥ 0} to
{1, · · · , k∗}. We define a distance dΣ on Σ by
dΣ(ξ, ξ
′) =
{
0 (ξ = ξ′)
exp (inf{m ≥ 0 | ξ(m) 6= ξ′(m)}) (ξ 6= ξ′).
(2.4)
We also define the shift map σ by σ(ξ)(m) = ξ(m+1). The metric space (Σ, dΣ)
is compact and the map σ is Lipschitz continuous.
Fix a (k∗ × k∗)-matrix A = (aij) with entries in {0, 1}. Suppose that A is
mixing, that is, there exists m0 ≥ 1 such that all entries of A
m0 are positive.
Let ΣA be the set of maps ξ ∈ Σ such that aξ(k+1)ξ(k) = 1 for any k ≥ 0. It is a
σ-invariant closed subspace of Σ. By σA, we denote the restriction of σ to ΣA.
We call the pair (ΣA, σA) the subshift of finite type associated with the matrix
A.
Let πA,m be the natural projection from ΣA to the set of maps from {0, · · · ,m−
1} to {1, · · · , k∗}. Put ΣA,m = πA,m(ΣA). For any given Ho¨lder continuous
function g on ΣA, we define the topological pressure PσA(g) of g with respect to
σA by
PσA(g) = lim
m→+∞
1
m

log ∑
ξm∈ΣA,m
exp

 sup
ξ∈π−1
A,m
(ξm)
m−1∑
j=0
g ◦ σjA(ξ)



 . (2.5)
It satisfies
PσA (g1)− PσA (g2) ≤ PσA(0) · sup
ξ∈σA
(g1(ξ) − g2(ξ)), (2.6)
Pσm
A

m−1∑
j=0
g1 ◦ σ
j
A

 = m · PσA (g1) (2.7)
for any Ho¨lder continuous functions g1, g2, and any integer m ≥ 1. Since A is
mixing, we can see that PσA(0) is positive.
Lemma 2.5. Let g be a Ho¨lder continuous function on ΣA such that
inf
ξ∈ΣA
m−1∑
j=0
g ◦ σjA(ξ) > 0
for some m ≥ 1. Then, there exists ρ = ρ(g) > 0 such that PσA (−ρ · g) = 0.
Proof. Put gm =
∑m−1
j=0 g ◦ σ
j
A. By the assumption, there exists C > 1 such
that C−1 ≤ gm(ξ) ≤ C for any ξ ∈ ΣA. By (2.7), we have Pσm
A
(−ρ · gm) =
m · PσA(−ρ · g) for any ρ > 0. The inequality (2.6) implies
C−1 ≤
Pσm
A
(−ρ2 · gm)− Pσm
A
(−ρ1 · gm)
Pσm
A
(0) · (ρ1 − ρ2)
≤ C
6
for any ρ1 > ρ2 > 0. Hence, the function ρ 7→ PσA(−ρ · g) is continuous, strictly
decreasing, and unbounded from the below. Since PσA(0) > 0, there exists ρ > 0
such that PσA(−ρ · g) = 0.
Let X,Y be topological spaces and f : X→Y be a covering map. For a
Borel measure µ of Y , there exists a unique Borel measure ν of X that satisfies
ν(A ∩ U) = µ(h(A ∩ U)) for any Borel subset A of X and any open subset
U such that h|U is an homeomorphism onto its image. We call the measure
ν local push-forward of µ and denote it by µ ◦ h. Notice that σA is a local
homeomorphism, and hence, we can define µ ◦ σA for any Borel measure µ on
ΣA.
Theorem 2.6. For any given Ho¨lder function g on ΣA, there exists a Borel
probability measure µg and a positive Ho¨lder continuous function hg on ΣA such
that
1. µg is non-atomic and positive on each non-empty open subset of ΣA,
2. the measure hg · µg is σA-invariant and ergodic, and
3. for any ξ ∈ ΣA,
log
d(µg ◦ σA)
dµg
(ξ) = −g(ξ) + PσA(g)
Proof. See Chapter 1 of [3].
3 The Radon-Nikodym Realization Theorem
Fix a C∞ n-dimensional closed manifold M and a C∞ codimension-one topo-
logically transitive Anosov flow Φ on M . Let TM = TΦ ⊕ Ess ⊕ Euu be the
Anosov splitting of Φ. By Fss, Fuu, Fs, and Fu, we denote the strong stable
foliation, the strong unstable foliation, the weak stable foliation, and the weak
unstable foliation of Φ, respectively. Fix a C∞ Riemannian metric g on M that
satisfying the equation (2.3) for some λ > 0. We denote the distance induced
from g by d. Then, we have
lim sup
t→+∞
1
t
log d(Φt(q1),Φ
t(q2)) ≤ −λ (3.1)
for any q1 ∈M and q2 ∈ Fss(q1).
Let B(p, ǫ) be the open ǫ-ball centered at p ∈ M . For p ∈ M , δ > 0, and
σ = s, u, ss, uu, let Fσδ (p) be the connected component of F
σ(p) ∩ B(p, δ) that
contains p. There exists 0 < δ0 < δ1 < δ2 such that Fσδ2(p) is a disk for any
p ∈ M and any σ = s, u, ss, uu, and the holonomy map hpq : Fuuδ1 (q)→F
uu
δ2
(p)
of the foliation Fs is well-defined for any p ∈M and q ∈ B(p, δ0).
Let M(Φ) be the set of families ν = {νp}p∈M of measures that satisfy the
following properties:
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1. νp is a Borel measure on Fuu(p) that is locally finite, non-atomic, and
positive on each non-empty open subset of Fuu(p).
2. If Fuu(p) = Fuu(q), then νp = νq.
3. The Radon-Nikodym derivative d(νp ◦ hpq)/dνq(q) at q is well-defined for
any p ∈ M and q ∈ B(p, δ0), and it is Ho¨lder continuous with respect to
p and q.
The rest of this section is devoted to the proof of the following theorem,
which is a keystone of the proof of the main theorem.
Theorem 3.1 (The Radon-Nikodym Realization Theorem). For any Ho¨lder
continuous positive function f on M , there exists ν = {νp}p∈M ∈ M(Φ) and
ρ > 0 such that
log
(
d(νΦt(p) ◦Φ
t)
dνp
)
(p) = ρ ·
∫ t
0
f ◦ Φτ (p)dτ
for any p ∈M and t ∈ R.
Remark 3.2. The original version of the theorem is shown by Cawley [4] for two
dimensional Anosov diffeomorphisms. Our proof follows her argument, but we
construct a family of measures on leaves of Fuu directly, not only a transverse
measure class of Fs.
3.1 Markov partitions
We call a quadruple R = (U,ϕ,Rs, Ru) a rectangle for Φ if
• U is an open subset of M ,
• ϕ is a continuous coordinate on U satisfying
ϕ−1(R× Rn−2 × y) ⊂ Fs(ϕ−1(w, x, y)),
ϕ−1(R× x× R) ⊂ Fu(ϕ−1(w, x, y))
for any (w, x, y) ∈ ϕ(U) ⊂ Rn = R× Rn−2 × R, and
• Rs and Ru are compact subsets of Rn−2 and R respectively, and [0, 1]×
Rs ×Ru ⊂ ϕ(U).
For a rectangle R = (U,ϕ,Rs, Ru), we define subsets R, IntR, ∂′−R, and ∂
′
+R
of M by
R = ϕ−1([0, 1]×Rs ×Ru),
IntR = ϕ−1((0, 1)× IntRs × IntRu),
∂′−R = ϕ
−1(0× IntRs × IntRu),
∂′+R = ϕ
−1(1× IntRs × IntRu).
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A rectangle R is called proper if IntRs = Rs and IntRu = Ru. We call a finite
family R = {Ri = (Ui, ϕi, Rsi , R
u
i )}
i∗
i=1 of proper rectangles a Markov partition
associated with Φ if M =
⋃i∗
i=1 Ri, IntRi ∩ IntRj = ∅ for i 6= j, and
ϕ−1j (1 ×R
s
j × yj) ⊂ ϕ
−1
i (0 ×R
s
i × yi), (3.2)
ϕ−1i (0× xi ×R
u
i ) ⊂ ϕ
−1
j (1 × xj ×R
u
j ) (3.3)
for any i, j = 1, · · · , i∗ and p = ϕ
−1
j (1, xj , yj) = ϕ
−1
i (0, xi, yi) ∈ ∂
′
+Rj ∩ ∂
′
−Ri.
The transition matrix of R is a (i∗ × i∗)-matrix (aij) that is defined by aij = 1
if ∂′−Ri∩∂
′
+Rj 6= ∅ and aij = 0 otherwise. The following theorem is well-known
(see [13]).
Theorem 3.3. For any δ > 0, there exists a Markov partition R = {Ri =
(Ui, ϕi, R
s
i , R
u
i )}
i∗
i=1 such that its transition matrix is mixing and the diameter
of Ui is less than δ for any i = 1, · · · , i∗.
Fix a Markov partition R = {Ri = (Ui, ϕi, Rsi , R
u
i )}
i∗
i=1 such that the diam-
eter of Ui is less than δ0/8 and ∂
′
−Ri ∩ ∂
′
+Ri = ∅ for any i = 1, · · · , i∗. Remark
that the holonomy map hpq : Fuuδ1 (q)→F
uu
δ2
(p) is well defined for any p ∈ Ui and
q ∈ Uj with Ui ∩ Uj 6= ∅.
Let ΣA be the subshift of finite type associated with the transition matrix
of R. For p ∈ M , a pair (τp, ξp) is called an itinerary of p if τp is a strictly
increasing function on {m ∈ Z | m ≥ 0} with τp(0) = 0, ξp is an element of ΣA,
and Φt(p) ∈ Rξ(m) for any m ≥ 0 and t ∈ [τp(m), τp(m+1)]. Any p ∈M admits
at least one itinerary.
Fix a point pi of IntRi for each i = 1, · · · , i∗. Put (wi, xi, yi) = ϕi(pi) and
Iui = ϕ
−1
i (wi×xi×R). We define a map πi from Ui to I
u
i by πi(ϕ
−1
i (w, x, y)) =
ϕ−1i (wi, xi, y). In other words, πi is the projection to I
u
i along F
s. We put
Λui = ϕ
−1
i (wi × xi ×R
u
i ) and Λ
u =
⋃i∗
i=1 Λ
u
i .
Let Λuij be the subset of Λ
u consisting of points p that admits an itinerary
(τp, ξp) with ξp(0) = j and ξp(1) = i. We define a map Φij from Λ
u
ij to Λ
u
i by
Φij(p) = πi ◦ Φτp(1)(p). By the standard argument, we can show that for any
given ξ ∈ ΣA, there exists a unique pξ ∈ Λ
u that admits an itinerary (τp, ξp)
with ξp = ξ. We define a map πA : ΣA→Λu by πA(ξ) = pξ. Since any p ∈ M
admits an itinerary, the map πA is surjective. The uniqueness of pξ implies that
πA ◦ σA(ξ) = Φξ(1)ξ(0)(πA(ξ))
for any ξ ∈ ΣA, and hence,
πA ◦ σ
m
A (ξp) = πξp(m) ◦ Φ
τp(m)(p) (3.4)
for any p ∈M , any itinerary (τp, ξp) of p, and any m ≥ 0.
Recall that ΣA is a metric space with the metric dΣ that is given by (2.4).
The set Λu admits a natural metric d0 as a subset of the Riemannian manifold
M .
Lemma 3.4. The map πA is Ho¨lder continuous.
9
Proof. Since Φ expands the foliation Fuu, there exists λ′ > 0 and a distance d′
on Λu such that d′ is comparable with d0 and d
′(Φij(p),Φij(q)) ≥ eλ
′
d′(p, q) for
any p, q ∈ Λuij . Let C be the diameter of Λ
u with respect to d′. Since
πA ◦ σ
m
A (ξ) = Φξ(m)ξ(m−1) ◦ · · · ◦ Φξ(1)ξ(0) ◦ πA(ξ)
for any ξ ∈ ΣA and m ≥ 1, we have
d′(πA(ξ), πA(ξ
′)) ≤ e−kλ
′
· d′(πA ◦ σ
k
A(ξ), πA ◦ σ
k
A(ξ
′)) ≤ Ceλ
′
dΣ(ξ, ξ
′)λ
′
for any ξ, ξ′ ∈ ΣA, where k is the integer with dΣ(ξ, ξ′) = e−(k+1).
3.2 Construction of a family of measures
Put ∆ = {(p, q) ∈M ×M | q ∈ Fsδ0(p)}. We can define a continuous function η
on ∆ by η(p, p) = 0 and Φη(p,q)(p) ∈ Fss(q). Since the foliation Fss is Ho¨lder
continuous, so η is.
Fix a positive Ho¨lder continuous function f on M . We define a function u
on ∆ by
u(p, q) =
∫ ∞
0
(
f ◦ Φt(q)− f ◦ Φt+η(p,q)(p)
)
dt−
∫ η(p,q)
0
f ◦ Φt(p) dt.
By the Ho¨lder continuity of f and the inequality (3.1), the function u is well-
defined. It is easy to check that the equations
u(p1, p3) = u(p1, p2) + u(p2, p3) (3.5)
u(Φt(p1),Φ
t(p2)) = u(p1, p2)−
∫ t
0
f ◦ Φτ (p2)dτ +
∫ t
0
f ◦ Φτ (p1)dτ. (3.6)
hold for any p1, p2, p3 ∈ M and t > 0 when the both sides of the equations are
well-defined.
Lemma 3.5. The function u is Ho¨lder continuous.
Proof. Put
u∞(p, q) =
∫ ∞
0
(
f ◦ Φt(q)− f ◦ Φt+η(p,q)(p)
)
dt.
It is sufficient to show that u∞ is Ho¨lder continuous.
Take positive constants δ, C, β1, and β2 such that
|f(p)− f(q)| ≤ Cd(p, q)δ (3.7)
d(Φt(p),Φt(q)) ≤ eβ1td(p, q), (3.8)
d(Φt(p),Φt(p′)) ≤ Ce−β2t (3.9)
for any p, q ∈ M , p′ ∈ Fssδ0 (p), and t ≥ 0. Fix (p1, q1), (p2, q2) ∈ ∆. Put p
′
i =
Φη(pi,qi)(pi) and T = −(2δβ1)−1 log(d(p1, p2)δ + d(q1, q2)δ). We may assume
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that (p1, q1) and (p2, q2) are sufficiently close to each other so that Φ
T (qi) ∈
Fssδ0 (Φ
T (p′i)) for i = 1, 2. Then, we have
|u∞(p1, q1)− u∞(p2, q2)|
≤
∫ T
0
∣∣f ◦ Φt(p′1)− f ◦ Φt(p′2)∣∣ dt+
∫ T
0
∣∣f ◦ Φt(q1)− f ◦ Φt(q2)∣∣ dt
+
∫ ∞
T
∣∣f ◦ Φt(q1)− f ◦ Φt(p′1)∣∣ dt+
∫ ∞
T
∣∣f ◦ Φt(q2)− f ◦ Φt(p′2)∣∣ dt
≤ C(d(p′1, p
′
2)
δ + d(q1, q2)
δ)
∫ T
0
eβ1δtdt+ 2C1+δ
∫ ∞
T
e−β2δtdt
≤
C
β1δ
(d(p′1, p
′
2)
δ + d(q1, q2)
δ)
1
2 +
C1+δ
β2δ
(d(p′1, p
′
2)
δ + d(q1, q2)
δ)
β2
2β1 .
Since p′i is Ho¨lder continuous with respect to (pi, qi), the function u∞ is
Ho¨lder continuous.
We define a function fA on ΣA by
fA(ξ) = u(πA(σA(ξ)), πA(ξ)). (3.10)
Since σA, πA, and u are Ho¨lder continuous, also fA is.
Lemma 3.6. For any p ∈ Ri, any itinerary (τp, ξp) of p, m ≥ 0, and t ∈
[τp(m), τp(m+ 1)],
∫ t
0
f◦Φτ (p) dτ = u(Φt(p), πA(σ
m
A (ξp)))−u(p, πA(ξp))+
m−1∑
j=0
fA(σ
j
A(ξp)). (3.11)
Proof. Since Φτ (p) ∈ Fsδ0(Φ
τp(j)(p)) for any τ ∈ [τp(j), τp(j + 1)], we have
η(Φt(p),Φt
′
(p)) = t− t′, and hence,
u(Φt(p),Φt
′
(p)) =
∫ t
t′
f ◦ Φτ (p) dτ
for any j = 0, · · · ,m and t, t′ ∈ [τp(j), τp(j + 1)]. Put pj = πA ◦ σ
j
A(ξp). The
equation (3.5) implies
∫ τp(j+1)
τp(j)
f ◦ Φτ (p) dτ = u(Φτp(j+1)(p), pj+1) + u(pj+1, pj) + u(pj,Φ
τp(j)(p))
= u(Φτp(j+1)(p), pj+1) + fA ◦ σ
j
A(ξp)− u(Φ
τp(j)(p), pj)
for any j = 0, · · · ,m − 1. Remark that all terms in the above equation are
well-defined since {pj, pj+1} ⊂ Fsδ0/2(Φ
τ (p)) for any τ ∈ [τp(j), τp(j +1)]. Now,
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we have∫ t
0
f ◦ Φτ (p) dτ
=
∫ t
τp(m)
f ◦ Φτ (p) dτ +
m−1∑
j=0
∫ τp(j+1)
τp(j)
f ◦ Φτ (p) dτ
= u(Φt(p),Φτp(m)(p))
+
m−1∑
j=0
{
u(Φτp(j+1)(p), pj+1) + fA(σ
j
A(ξp))− u(Φ
τp(j)(p), pj)
}
= u(Φt(p),Φτp(m)(p)) + u(Φτp(,m)(p), pm)− u(p, p0) +
m−1∑
j=0
fA(σ
j
A(ξp))
= u(Φt(p), πA(σ
m
A (ξp)))− u(p, πA(ξp)) +
m−1∑
j=0
fA(σ
j
A(ξp)).
Since u is bounded and f is positive, the above lemma implies that
inf
ξ∈ΣA
m−1∑
j=0
fA ◦ σ
j
A(ξ) > 0
for somem ≥ 1. By Lemma 2.5, there exists ρΦ > 0 such that PσA(−ρΦ·fA) = 0.
Let (µ, h) be the pair of a measure and a Ho¨lder function on ΣA that is given
by Theorem 2.6 for −ρΦ · fA. The measure µ satisfies
log
d(µ ◦ σA)
dµ
(ξ) = ρΦ · fA(ξ) (3.12)
for any ξ ∈ ΣA.
Fix ǫ1 > 0 such that B(p1, 4ǫ1) ⊂ IntR1. Put
Σ∗A =
{
ξ ∈ ΣA | Rξ(0) ∩ π
−1
ξ(0)(πA(ξ)) ⊂
⋃
t>0
Φ−t(B(p1, ǫ1))
}
,
Σ∞A =
⋂
m≥0
σ−mA (Σ
∗
A).
By the inclusion (3.2), we have σ−1A (Σ
∗
A) ⊂ Σ
∗
A, and hence, Σ
∞
A = σA(Σ
∞
A ) =
σ−1A (Σ
∞
A ).
Lemma 3.7. The set Σ∗A has non-empty interior as a subset of ΣA.
Proof. Since Fs(p) =
⋃
t∈R Φ
t(Fss(p)) for any p, there exists δ′ > 0 such that
Fsδ0(p) ⊂
⋃
t∈(−δ′,δ′)
Φt(Fssδ′ (p)) (3.13)
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for any p ∈ M . Since Φ contracts leaves of Fss uniformly, we can take T ′ > 0
such that
Φt(Fssδ′ (p)) ⊂ F
ss
ǫ1 (Φ
t(p)) (3.14)
for any p ∈ M and t ≥ T ′. Put p′1 = Φ
−(T ′+δ′)(p1) and suppose p
′
1 ∈ Ri1 . By
the inclusions (3.13) and (3.14), we obtain
Fsδ0(p
′
1) ⊂
⋃
|t|<δ′
Φt(Fssδ′ (p
′
1))
⊂
⋃
|t|<δ′
Φt−(T
′+δ′)(Fssǫ1 (p1)) ⊂
⋃
t>0
Φ−t(B(p1, ǫ1)).
Put q1 = πi1 (p
′
1). Since π
−1
i1
(q1) ⊂ Fsδ0(p
′
1), there exists an open neighborhood
U of q1 in Λ
u
i1 such that
IntRi1 ∩ π
−1
i1
(p) ⊂ π−1i1 (p) ⊂
⋃
t>0
Φ−t(B(p1, ǫ1)).
for any p ∈ U . Therefore, π−1A (U) ∩ {ξ ∈ ΣA | ξ(0) = i1} is a non-empty open
subset of Σ∗A.
Lemma 3.8. The restriction of πA to Σ
∞
A is injective and
µ(Σ∞A ) = 1. (3.15)
Proof. Fix ξ ∈ Σ∞A and an itinerary (τp, ξp) of p = πA(ξ). Since σ
m
A (ξ) ∈ Σ
∗
A
for any m ≥ 1, there exists a sequence (tk)k≥1 such that limk→∞ tk = +∞
and Φtk(p) ∈ B(p1, ǫ1) for any k ≥ 1. By (3.2) and (3.3), the positive orbit
{Φt(p) | t ≥ 0} of p intersects neither ϕi([0, 1]× ∂Rsi ×R
u
i ) nor ϕi([0, 1]×R
s
i ×
∂Rui ) for any i = 1, · · · , i∗. It implies that Φ
t(p) ∈ IntRξp(m) for any m ≥ 1
and t ∈ (τp(m), τp(m + 1)). Since IntRi ∩ IntRj = ∅ for any i 6= j, (τp, ξp) is
the unique itinerary of p = πA(ξ). Therefore, the restriction of πA to Σ
∞
A is
injective.
Recall that h is a positive Ho¨lder continuous function and h · µ is a σA-
invariant ergodic measure. Since σ−1A (Σ
∗
A) ⊂ Σ
∗
A,
h · µ(Σ∞A ) = lim
m→∞
h · µ(σ−mA (Σ
∗
A)) = µ(Σ
∗
A). (3.16)
Lemma 3.7 implies µ(Σ∗A) > 0. Since h · µ is ergodic, we have µ(Σ
∞
A ) = 1.
We define a probability measure µ′ on Λu by the pullback of µ by πA, that is,
µ′(B) = µ(π−1A (B)) for any Borel subset B of Λ
u. Recall that µ is non-atomic
and positive on each open subset of ΣA. Since πA is a surjective map onto Λ
u,
the support of µ′ is Λu. By the above lemma, we have µ′(Λu\πA(Σ∞A )) = 0.
Since the restriction of πA on Σ
∞
A is injective, µ
′ is non-atomic.
Take ǫ∗ > 0 such that
Φt(Fsǫ∗(p)) ⊂ F
s
ǫ1(Φ
t(p)) (3.17)
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for any p ∈M and t ≥ 0. We put
Vi =
⋃
p∈Ri
Fsǫ∗(p), V
∞
i = Vi ∩ π
−1
i (πA(Σ
∞
A )).
Remark that V∞i is a subset of
⋃
t>0Φ
−t(B(p1, 2ǫ1)).
Recall that πi is the projection from a neighborhood Ui of Ri to a neighbor-
hood Iui of Λ
u
i . For p ∈M , let hi,p be the restriction of πi to F
uu(p)∩Ui. Since
hi,p is a covering map, we can define a measure νi,p on F
uu(p) by
νi,p(A) = ρΦ ·
∫
A∩Vi
exp(u(q, πi(q))) d(µ
′ ◦ hi,p)(q) (3.18)
for any Borel subset A of Fuui (p). The measure νi,p is non-atomic, locally finite,
and positive on each non-empty open subset of Fuu(p)∩Vi. Moreover, it satisfies
νi,p(Fuu(p)\V∞i ) = 0. By the equation (3.12), we have
log
d(νξ(1),πA(σA(ξ)) ◦ Φξ(1)ξ(0))
dνξ(0),πA(ξ)
(ξA(ξ)) = ρΦ · fA(ξ) (3.19)
for any ξ ∈ ΣA.
The following proposition is a keystone to the construction of the required
family {νp}p∈M .
Proposition 3.9. The equation
log
d(νξp(m),Φt(q) ◦ Φ
t)
dνξp(0),q
(q) = ρΦ ·
∫ t
0
f ◦ Φτ (q) dτ. (3.20)
holds for any p ∈M , any itinerary (τp, ξp) of p, m ≥ 1, t ∈ [τp(m), τp(m+ 1)],
and q ∈ Fsǫ∗(p).
Proof. Put q′ = Φt(q), ξp(j) = ij , and pj = πA(σ
j
A(ξp)) for j = 0, · · · ,m. Notice
that q′ ∈ Fsǫ1(Φ
t(p)) ⊂ Fsδ0(pm). On a small neighborhood of q in F
uu(q), we
have
Φt = hq′pm ◦ Φimim−1 ◦ · · · ◦ Φi1i0 ◦ hp0q.
By the definition (3.18), we have
dνi,q ◦ hqp
dνi,p
= exp(ρΦ · u(q, πi(q)) − ρΦ · (p, πi(p))) = exp(ρΦ · u(q, p)).
if πi(p) = πi(q). It implies that
d(νim,q′ ◦ Φ
t)
dνi0,q
(q)
=
d(νim,q′ ◦ hq′pm)
dνim,pm
(pm) ·
m−1∏
j=0
d(νij+1,pj+1 ◦ Φij+1ij )
dνij ,pj
(pj) ·
d(νi0,p0 ◦ hp0p)
dνi0,q
(q)
= exp

ρΦ ·

u(q′, pm) +
m−1∑
j=0
fA(σ
j
A(ξp)) + u(p0, q)



 .
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By Lemma 3.6 and the equation (3.5), we obtain the required equation (3.20).
Corollary 3.10. For any i = 1, · · · , i∗, q ∈ V∞i , and t > 0 with Φ
t(q) ∈
B(p1, 2ǫ1),
d(ν1,Φt(q) ◦ Φ
t)
dνi,q
= ρΦ ·
∫ t
0
f ◦ Φt(q) dt
In particular, νi,p = νj,p on Fuu(p) ∩ Vi ∩ Vj for any p ∈M .
Proof. For q ∈ V∞i , there exists p ∈ F
s
ǫ∗(q)∩Ri∩V
∞
i . Let (τp, ξp) be a itinerary
of p with ξp(0) = i and m be the integer such that t ∈ [τp(m), τp(m+1)). Since
Φt(p) ∈ Fsǫ1(Φ
t(q)) ⊂ B(p1, 3ǫ1), we have τp(m) = 1. Now, the former half of
the corollary follows from the proposition immediately.
For any p ∈ V∞i , there exists t > 0 such that Φ
t(p) ∈ B(p1, 2ǫ1). Hence, the
former half implies νi,p = νj,p on Fuu(p) ∩ V∞i ∩ V
∞
j for any i, j = 1, · · · , i∗
and p ∈ M . Since νi,p(F
uu(p)\V∞i ) = 0, we obtain the latter half of the
corollary.
Now, we prove Theorem 3.1. Recall that M =
⋃i∗
i=1 Vi. By Corollary 3.10,
we can define a measure νp on Fuu(p) by νp(U ∩ Vi) = νi,p(U ∩ Vi) for any
i = 1, · · · , i∗ and any Borel subset U of Fuu(p). Then, νp is a non-atomic
locally finite measure whose support is Fuu(p).
Fix p ∈ M and put S = {i = 1, · · · , i∗ | p ∈ Ri}. Notice that
⋃
i∈S Ri
is a neighborhood of p. Take an open interval I in Fuu(p) ∩
⋃
i∈S Ri that
contains p. If q ∈ M is sufficiently close to p, then hqp(I) ⊂
⋃
i∈S Vi and
hqp(I ∩ V
∞
i ) = hqp(I) ∩ V
∞
i for any i ∈ S. For any i ∈ S and any Borel subset
U of I, we have
νi,q(hqp(U)) = νi,q(hqp(U) ∩ V
∞
i )
= νi,q(hqp(U ∩ V
∞
i ))
=
∫
U∩V∞i
exp (ρΦ · u(hqp(p
′), p′)) dνi,p(p
′)
=
∫
U
exp (ρΦ · u(hqp(p
′), p′)) dνi,p(p
′),
and hence,
log
d(νq ◦ hqp)
dνp
(p) = ρΦ · u(hqp(p), p). (3.21)
Since u is Ho¨lder continuous, the family {νp}p∈M is an element ofM(Φ). Since
the manifold M is closed and
u(Φt(p), p) =
∫ t
0
f ◦ Φτ (p) dτ
for any p ∈M and any sufficiently small t > 0, the equation (3.21) implies
log
d(νΦt(p) ◦ Φ
t)
dνp
(p) = ρΦ ·
∫ t
0
f ◦ Φτ (p) dτ
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for any p ∈M and any t ∈ R.
4 Deformation of Anosov flows
4.1 Cr+,0+-flows tangent to a foliation
Let V be an open subset of Rn+1 = {(t, x, y) ∈ R × Rn−1 × R}. A continuous
map F : V→Rn is called of class C1+,0+ if F , ∂F/∂x1, · · · , ∂F/∂xn−1, and
∂F/∂t are well-defined and Ho¨lder continuous. We say a sequence {Fk}k≥1 of
C1+,0+ maps from V to Rn converges to F in the C1,0-topology as k→∞ if Fk,
∂Fk/∂x1, · · · , ∂Fk/∂xn−1, and ∂Fk/∂t converges to F , ∂F/∂x1, · · · , ∂F/∂xn−1,
and ∂F/∂t with respect to the C0-norm, respectively.
Let M be a C1+ n-dimensional closed manifold and F a C1+ codimension-
one foliation on M . A continuous flow Φ = {Φt}t∈R is called of class C
1+,0+
F if
it preserves each leaf of F and there exists a family {ϕp : Up→Rn}p∈M of C1+
foliation coordinates of F such that Up contains p and the map
Fp : (w, t) 7→ ϕp ◦ Φ
t ◦ ϕ−1p (w)
is well-defined and of class C1+,0+ on a neighborhood Vp of (ϕp(p), 0) in R
n+1
for any p ∈ M . If Φ is of class C1+,0+F then for any C
1+ foliation coordinate
ϕp and any sufficiently small neighborhood Vp of (ϕp(p), 0), the above map Fp
is well-defined and of class C1+,0+ on Vp. Remark that any C
1+ flow which
preserves each leaf of F is a C1+,0+F flow.
We say a sequence {Φk}k≥1 of C
1+,0+
F flows converges to Φ in the C
1,0-
topology if there exists a neighborhood V ′p ⊂ Vp of (ϕp(p), 0) such that the map
Fk,p : (w, t) 7→ ϕp ◦ Φ
t
k ◦ ϕ
−1
p (w) is well-defined on V
′
p for any k ≥ 1 and the
sequence (Fk,p)k≥1 converges to F in the C
1,0-topology.
Fix a Ho¨lder continuous metric g on M . Let Φ be a C1+,0+F flow on M . It
is generated by a Ho¨lder continuous vector field tangent to TF . Let TM =
TΦ⊕EΦ⊕E⊥Φ be the orthogonal splitting with respect to g that satisfies TΦ⊕
EΦ = TF . By πΦ and π⊥Φ , we denote the natural projection onto EΦ and
E⊥Φ with respect to the splitting. For each t ∈ R, the restriction of Φ
t to
each leaf of F defines an isomorphism DFΦt of TF . The one-parameter family
{DFΦt}t∈R forms a Ho¨lder continuous flow. We define a Ho¨lder continuous flow
NFΦ = {NFΦt}t∈R on EΦ by
NFΦ
t = πΦ ◦DFΦ
t|EΦ .
Linear holonomy of F along the orbits of Φ also induces a Ho¨lder continuous
flow N⊥FΦ on E
⊥
Φ .
For a flow ψ = {ψt}t∈R on a topological space B, we say a function α on
B × R is a cocycle over a flow ψ if α(p, s + t) = α(p, s) + α(ψs(p), t) for any
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p ∈ B and s, t ∈ R. Put
αΦ(p, t;F ; g) = log detg(NFΦ
t)p,
α⊥Φ(p, t;F ; g) = log detg(N
⊥
FΦ
t)p,
βΦ(p, t;F ; g) = log ‖(NFΦ
t)p‖g.
Then, αΦ and α
⊥
Φ are cocycles over Φ, and βΦ satisfies
β(p, s+ t) ≤ β(p, s) + β(Φs(p), t).
If a sequence (Φk)k≥1 of C
1+,0+
F flows onM converges to Φ in the C
1,0-topology,
then αΦk , α
⊥
Φk
, and βΦk converges uniformly to αΦ, α
⊥
Φ , and βΦ respectively on
M × [−T, T ] for any given T > 0.
Lemma 4.1. Let Φ be a C1+ and C1+,0+F flow on M . Suppose
inf
p∈M
{
α⊥Φ(p, T1;F , g),−βΦ(p, T1;F , g)
}
> 0
for some T1 > 0. Then, there exists an Anosov splitting TM = TΦ⊕Ess⊕Euu
such that TΦ⊕ Ess = TF .
Moreover, if Φ is of class C∞ and
inf
p∈M
{
αΦ(p, T2;F , g) + α
⊥
Φ(p, T2;F , g)− βΦ(p, T2;F , g)
}
> 0
for some T2 > 0 in addition, then the subbundle TΦ⊕ Euu is of class C1+.
Proof. Without loss of generality, we may assume that TF is transversely ori-
entable. Let E be the orthogonal complement of TΦ with respect to g and π⊥
the orthogonal projection from TM to E. We define a flow NΦ = {NΦt}t∈R
on E by NΦt = π⊥ ◦ DΦt. Remark that E = EΦ ⊕ E⊥Φ and the projection
π⊥ coincides with πΦ on TΦ ⊕ EΦ. In particular, NΦt(v) = NFΦt(v) for any
v ∈ EΦ. We also remark that N⊥FΦ
t(v′) = π⊥Φ ◦DΦ
t(v′) = π⊥Φ ◦NΦ
t(v′) for any
v′ ∈ E⊥Φ .
Let Γ(EΦ) be the set of continuous sections of EΦ. It becomes a Banach
space by a norm ‖ξ‖Γ = supp∈M ‖ξ(p)‖g. Let v
⊥ be the unit tangent vector
field of E⊥Φ . Since
π⊥Φ ◦NΦ
t(v⊥(p)) = N⊥FΦ
t(v⊥(p)) = exp(α⊥Φ(p, t;F , g)) · v
⊥(Φt(p)),
we can define a map ΓΦt on Γ(EΦ) by
ΓΦt(ξ)(Φt(p)) + v⊥(Φt(p)) = exp(−α⊥Φ(p, t;F , g)) ·NΦ
t
(
ξ(p) + v⊥(p)
)
.
Since NΦ = {NΦt} is a flow and αΦ is a cocycle, the family {ΓΦt}t∈R forms a
flow on Γ(EΦ). Put
CΦ(t) = inf
p∈M
(
α⊥Φ(p, t;F , g)− βΦ(p, t;F , g)
)
.
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Then, we have CΦ(t+ t
′) ≥ CΦ(t) + CΦ(t′) and
‖ΓΦt(ξ) − ΓΦt(ξ′)‖Γ ≤ exp(−CΦ(t))‖ξ − ξ
′‖Γ (4.1)
for any t, t′ ≥ 0 and ξ, ξ′ ∈ Γ(E⊥Φ ). Since CΦ(T1) > 0, the contraction mapping
principle implies that the flow ΓΦ admits a unique fixed point ξ0. Let E0 be
the one-dimensional subbundle of TM that is generated by the vector field
v⊥ + ξ0. Since the restriction of π
⊥
Φ to E0 is an isomorphism onto E
⊥
Φ , there
exists T ′ > 0 such that infp∈M ‖NΦT
′
|E0(p)‖g > 1. By the standard argument
(see e.g. [5]), the flow Φ admits an Anosov splitting TM = TΦ ⊕ Ess ⊕ Euu
with TΦ⊕ EΦ = TΦ⊕ Ess and TΦ⊕ E0 = TΦ⊕ Euu.
The latter half of the lemma is a consequence of the Cr-section theorem for
E0 (see e.g. [14]).
4.2 Replacement of smooth structures
LetM be a C∞ closed manifold of dimension n and Φ be a C∞ codimension-one
Anosov flow on M . Let TM = TΦ⊕ Ess ⊕ Euu be the Anosov splitting, F be
the weak stable foliation, and Fuu be the strong unstable foliation of Φ. Recall
that F is a C1+ foliation with C∞ leaves.
Fix an integer r ≥ 1 and a Cr+ one-dimensional foliation L that is transverse
to F . By πx and πy, we denote the natural projections from Rn = Rn−1 × R
to Rn−1 and R, respectively. For each p ∈ M , we can take a C1+ coordinate
ϕp : Up→Rn and a C1+ map Lp : (−1, 1)→Fuu(p) that satisfy the following
conditions:
1. ϕp(p) = (0, 0) and ϕp(Up) = (−1, 1)
n.
2. ϕ−1p ((−1, 1)
n−1 × y) ⊂ F(q) and ϕ−1p (x × (−1, 1)) ⊂ L(q) for any q =
ϕ−1p (x, y) ∈ Up.
3. πx ◦ ϕp is of class Cr+.
4. Lp(0) = p and Lp(y) ∈ Fuu(p) ∩ ϕ−1p ((−1, 1)
n−1 × y) for any y ∈ (−1, 1).
For p, q ∈ M , there exist V xpq ⊂ (−1, 1)
n−1, V ypq ⊂ (−1, 1), and maps ϕ
x
pq :
V xpq→(−1, 1)
n−1 and ϕypq : V
y
pq→(−1, 1) such that
ϕq(Up ∩ Uq) = V
x
pq × V
y
pq,
ϕp ◦ ϕ
−1
q (x, y) = (ϕ
x
pq(x), ϕ
y
pq(y)).
Since Φ is Anosov, we can take a C∞ metric g on TM and λ > 0 such that
inf
p∈M
{
α⊥Φ(p, t;F , g),−βΦ(p, t;F , g)
}
≥ λ · t (4.2)
for any t > 0. Put f(p) = −(∂αΦ/∂t)(p, 0;F , g). Since TF is of class C
1+ and
αΦ ≤ βΦ, the function f is Ho¨lder continuous and positive. By Theorem 3.1,
there exists an element ν = {νp}p∈M ofM(Φ) and a constant ρΦ > 0 such that
d(νΦt(p) ◦ Φ
t)
dνp
(p) = ρΦ ·
∫ t
0
f ◦ Φτ (p)dτ = −ρΦ · αΦ(p, t;F , g) (4.3)
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for any p ∈ M and t ∈ R. Since Lp is a homeomorphism onto its image, the
measure νp ◦Lp on (−1, 1) is well-defined for each p ∈M . We define a function
ηp on (−1, 1) by
ηp(y) =
∫ y
0
d(νp ◦ Lp).
Lemma 4.2. For each p ∈M , ηp is a bi-Ho¨lder homeomorphism onto its image.
Proof. Since νp is non-atomic, locally finite, and positive on each non-empty
open subset of Fuu(p), the map ηp is a homeomorphism onto its image.
The metric g on M induces the Lebesgue measure νLp on F
uu(p) for each
p ∈ M . There exist constants C > 0 and λ+ > λ− > 0 such that eλ−t−C ≤
‖DΦt|Euu(p)‖ ≤ e
λ+t+C for any p ∈ M and any t > 0. Take λ′+ > λ
′
− > 0 such
that λ′− ≤ ρΦ · f(p) ≤ λ
′
+ for any p ∈M . Then, we have
eλ−t−C · νLp (U) ≤ ν
L
Φt(p)(U) ≤ e
λ+t+C · νLp (U)
eλ
′
−
t · νp(U) ≤ νΦt(p)(U) ≤ e
λ′+t · νp(U)
for any p ∈ M , any t ≥ 0, and any Borel subset U of Fuu(p). Since the
function (p, q) 7→ (d(νp ◦ hpq)/dνq)(q) is continuous, there exists C′ > 0 such
that e−C
′
≤ νp(Ip) ≤ e−C
′
for any p ∈ M and any interval Ip in Fuu(p) with
νLp (Ip) = 1. For any p ∈M and any interval I in F
uu(p) with νLp (I) < 1, there
exists t ≥ 0 such that νLp (Φ
t(I)) = 1. We have
e−λ+t−C ≤ νLp (I) ≤ e
−λ−t+C ,
e−λ
′
+t−C
′
≤ νp(I) ≤ e
−λ′
−
t+C′ ,
and hence,
νp(I)
λ+ ≤ eλ+C
′+λ′
−
C · νLp (I)
λ′
− ,
νLp (I)
λ′+ ≤ eλ−C
′+λ′+C · νp(I)
λ− .
Since (ϕ−1p )
∗g is comparable with the Euclidean metric on ϕp(Up), the above
inequalities shows that νp is bi-Ho¨lder continuous.
Lemma 4.3. For any p, q ∈ M , the map ηp ◦ ϕ
y
pq ◦ η
−1
q on ηp(V
y
pq) is of class
C1+.
Proof. Fix p ∈M and y0 ∈ (−1, 1). Suppose that q ∈M is sufficiently close to
p so that the holonomy map hpq : Fuu(q)→Fuu(p) of Fs is well-defined on a
neighborhood of Lp(y0). Since ϕ
y
pq = L
−1
p ◦ hpq ◦ Lq, we have
d(νp ◦ Lp ◦ ϕypq)
d(νq ◦ Lq)
=
d(νp ◦ hpq)
dνq
◦ Lq.
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Therefore,
ηp ◦ ϕ
y
pq ◦ η
−1
q (y)− ηp ◦ ϕ
y
pq ◦ η
−1
q (y0)
=
∫ ϕypq◦η−1q (y)
ϕypq◦η
−1
q (y0)
d(νp ◦ Lp)
=
∫ η−1q (y)
η−1q (y0)
(
d(νp ◦ hpq)
dνq
◦ Lq
)
d(νq ◦ Lq)
=
∫ y
y0
d(νp ◦ hpq)
dνq
◦ (Lq ◦ η
−1
q )(η)dη.
Since d(νp ◦ hpq)/dνq is Ho¨lder continuous by the definition of M(Φ), the map
ηp ◦ ϕypq ◦ η
−1
q is of class C
1+ at y0.
We define a map ϕˇp : Up→R
n by
ϕˇp ◦ ϕ
−1
p (x, y) = (x, ηp(y)).
The above lemma implies that the family {ϕˇp}p∈M defines a C1+-structure on
M . We denote this C1+-manifold by Mˇ . The identity map on M as a set
induces a map iM : M→Mˇ . It is bi-Ho¨lder by Lemma 4.2, but is not of class
C1+ in general. Put Fˇ = iM (F) and Lˇ = iM (L). By the definitions of ϕp and
ϕˇp, both Fˇ and Lˇ are C1+ foliations and the restriction of iM to each leaf of
F is of class C1+. Hence, the map iM induces a bi-Ho¨lder isomorphism DxiM
from TF to T Fˇ .
We define a continuous flow Φˇ = {Φˇt}t∈R on Mˇ by Φˇt = iM ◦Φt ◦ i
−1
M . Since
ϕˇp ◦ Φˇ
t ◦ ϕˇ−1p = (Id×ηp) ◦ (ϕp ◦ Φ
t ◦ ϕ−1p ) ◦ (Id×η
−1
p ),
it is a C1+,0+
Fˇ
flow by Lemma 4.3. The flow Φˇ is generated by a Ho¨lder contin-
uous vector field. We denote it by Xˇ. Take a Ho¨lder continuous metric gˇ such
that TpMˇ = T Fˇ(p)⊕ R ·Dϕˇp(∂/∂y) is an orthogonal splitting with respect to
gˇ for any p ∈ Mˇ , (DxiM )∗(gˇ|T Fˇ ) = g|TF , and ‖Dϕˇ
−1
p (∂/∂y)‖gˇ = 1. We can
check that
αΦˇ(iM (p), t; Fˇ , gˇ) = αΦ(p, t;F , g),
α⊥
Φˇ
(iM (p), t; Fˇ , gˇ) =
d(νΦt(p) ◦ Φ
t)
dνp
(p) = −ρΦ · αΦ(p, t;F , g),
βΦˇ(iM (p), t; Fˇ , gˇ) = βΦ(p, t;F , g).
Lemma 4.4. Let (Φˇk)k≥1 be a sequence of C
1+,0+ flows on Mˇ that converges
to Φˇ in the C1,0 topology. Then, Φˇk is topologically equivalent to Φ for any
sufficiently large k.
Proof. We mimic the proof of the structural stability of Anosov flows. Let Fss
be the strong stable foliation of Φ. Put Fˇss = iM (Fss). It is a Ho¨lder foliation
20
and its restriction to each leaf of Fˇ is of class C1+. Let dssp be the distance
on Fˇss(p) that is induced from the restriction of the metric gˇ to Fˇss(p). Since
DxiM is an isometry, there exists T > 0 such that
dss
ΦˇT (p)
(ΦˇT (p), ΦˇT (q)) ≤
1
4
dssp (p, q) (4.4)
for any p, q ∈ Mˇ .
Let Yk be the vector field that generates Φˇk. It is Ho¨lder continuous and
converges to Xˇ as a C0 vector field. Take k0 ≥ 1 so that Yk is transverse to
Fˇss for any k ≥ k0. For any k ≥ k0, there exists a cocycle ck over Φˇ such that
Φˇ
ck(p,t)
k (p) ∈ Fˇ
ss(Φˇt(p)) for any p ∈M and t ∈ R. We define a flow Ψk on Mˇ by
Ψtk(p) = Φˇ
ck(p,t)
k (p). Since Fˇ
ss is Ho¨lder continuous and its restriction to each
leaf of Fˇ is of class C1+, we can show that the flow Ψk = {Ψtk}t∈R is of class
C1+,0+
Fˇ
and the sequence (Ψk)k≥1 converges to Φˇ in the C
1,0-topology. Hence,
there exists k1 ≥ k0 such that
dssΨT
k
(p)(Ψ
T
k (p),Ψ
T
k (q)) ≤
1
2
dssp (p, q) (4.5)
for any p ∈ Mˇ , q ∈ Fˇuu(p), and k ≥ k1.
Let Γ(Fˇss) be the set of continuous self-maps H of Mˇ such that H(p) ∈
Fˇss(p) for any p ∈ Mˇ . We define a metric dΓ on Γ(Fˇss) by dΓ(H1, H2) =
supp∈Mˇ d
ss
p (H1(p), H2(p)). For k ≥ k1, we define a flow Γk on Γ(Fˇ
ss) by
Γtk(H)(p) = Φˇ
t ◦H ◦Ψ−tk (p).
The inequality (4.4) implies
dΓ(Γ
T
k (H1),Γ
T
k (H2)) ≤
1
4
dΓ(H1, H2).
By the contraction mapping principle, there exists a fixed point Hk of Γk that
is homotopic to the identity and satisfies
sup
p∈Mˇ
dssp (p,Hk(p)) < Ck (4.6)
for some Ck > 0. It is easy to check that Hk is surjective and satisfies
Hk ◦ Φˇ
ck(p,t)
k (p) = Hk ◦Ψ
t
k(p) = Φˇ
t ◦Hk(p)
for any p ∈ M and t ∈ R. Hence, the proof is completed once we show that
Hk is injective. Suppose Hk(p) = Hk(q) for some p, q ∈ Mˇ . Then, both
Hk(p) = Hk(q) and q are contained in Fˇss(p). By the inequalities (4.5) and
(4.6), we have
2ldssp (p, q) ≤ d
ss
Φˇ−lT (p)
(Ψ−lTk (p),Ψ
−lT
k (q))
< dss
Φˇ−lT (p)
(Hk ◦Ψ
−lT
k (p), Hk ◦Ψ
−lT
k (q)) + 2Ck
= dss
Φˇ−lT (p)
(Φˇ−lT (Hk(p)), Φˇ
−lT (Hk(q))) + 2Ck
for any l ≥ 1. By the assumption Hk(p) = Hk(q), the last term is equal to 2Ck,
and hence, we have p = q by taking l→∞. Therefore, Hk is injective.
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4.3 Proof of the main theorem
Fix an n-dimensional closed manifold M , a C∞ codimension-one topologically
transitive Anosov flow Φ, and a C∞ metric g on TM that satisfies (2.3) for
some λ > 0. As the preceding subsection, let F be the weak stable folia-
tion of Φ and (ν, ρΦ) be the pair obtained by applying Theorem 3.1 to Φ and
−(∂αΦ/∂t)( · · ;F , g).
The proof of the main theorem is divided into the following two propositions:
Proposition 4.5. ρΦ = 1 and Φ is topologically equivalent to a C
∞ Anosov
flow whose weak unstable foliation is of class C1+.
Proposition 4.6. If the weak unstable foliation of Φ is of class C1+, then Φ is
topologically equivalent to a C∞ Anosov flow that preserves a C∞ volume.
Proof of Propoisition 4.5. Let L be a C2+ one-dimensional foliation that is
transverse to F . As the preceding subsections, we take families {ϕp}p∈M and
{ϕˇp}p∈M of coordinates associated with (F ,L) and ν. Let Up, ϕxpq, ηp, iM , Mˇ ,
Fˇ , and Φˇ be the ones that are given in the preceding subsection. Remark that
the map ϕxpq is of class C
2+.
We say a continuous flow Ψ on a C1+ closed Riemannian manifold (M1, g1)
satisfies the property (A)ǫ for ǫ > 0, if there exists a C
1+ codimension-one
foliation F1 on M1, T > 0, and C > 0 such that Ψ is a C
1+,0+
F1
flow and
min
{
α⊥Ψ(p, T ;F1, g1),−βΨ(p, T ;F1, g1)
}
> C,∣∣ρΦ · αΨ(p, T ;F1, g1) + α⊥Ψ(p, T ;F1, g1)∣∣ < ǫ · C
for any p ∈ M1. Since αΨ and α
⊥
Ψ are cocycle and βΨ(p, s + t) ≤ βΨ(p, s) +
βΨ(Ψ
s(p), t) for any s, t ≥ 0, we can see that if Ψ satisfies the property (A)ǫ
and another C1+,0+ flow Ψ′ on M1 has the same oriented orbits as Ψ, then Ψ
′
also satisfies the property (A)ǫ.
We will show that ρΦ = 1 and that Φ is topologically equivalent to a C
∞
flow on a C∞ manifold that satisfies the property (A) 1
2
. It completes the proof
of the proposition by Lemma 4.1.
Fix a finite subset S of M such that
⋃
p∈S Up = M . Take a C
1+ partition
of unity {ζp}p∈S associated with the covering {iM(Up)}p∈S of Mˇ . Let X and
Xˇ be the vector fields that generate Φ and Φˇ respectively. For p ∈ S, we define
a family (ap,m)
n−1
m=1 of functions on ϕˇp(Up) by
Dϕˇp(Xˇ) =
n−1∑
m=1
ap,m
∂
∂xm
.
We can see Dϕˇ(Xˇ)(x, y) = Dϕ(X)(x, η−1p (y)) for any (x, y) ∈ ϕˇp(Up). Hence,
ap,m and ∂ap,m/∂xj are Ho¨lder continuous for any j,m = 1, · · · , n− 1.
Fix a C∞ non-negative function ξ on R such that its support is compact and
its integral over R is one. For k ≥ 1, we define a function akp,m by
akp,m(x, y) =
∫
R
(ζp · ap,m)(x, y + (t/k)) · ξ(t) dt.
22
By the standard arguments on mollifiers, we can show that akp,m is of class C
1+
and it satisfies
lim
k→∞
∥∥akp,m(w) − (ζp · ap,m)(w)∥∥0,p = 0, (4.7)
lim
k→∞
n−1∑
j=1
∥∥∥∥∥∂a
k
p,m
∂xj
(w) −
∂(ζp · ap,m)
∂xj
(w)
∥∥∥∥∥
0,p
= 0, (4.8)
where ‖h‖0,p = supw∈ϕˇp(Up) |h(w)|.
Put
Xˇk =
∑
p∈S
Dϕˇ−1p
(
n−1∑
m=1
akp,m
∂
∂xm
)
.
Then, we have
Dϕˇq(Xˇk)(x, y) =
∑
p∈S
D(ϕˇq ◦ ϕˇ
−1
p )
(
n−1∑
m=1
akp,m(xp, yp)
∂
∂xm
)
=
∑
p∈S
n−1∑
m=1
akp,m(xp, yp)D(ϕ
x
qp)xp
(
∂
∂xm
)
,
where (xp, yp) = ϕˇp ◦ ϕˇ−1q (x, y). Since ϕ
x
pq is of class C
2+ and ϕˇp ◦ ϕˇ−1q is of class
C1+, the vector field Dϕˇq(Xˇk) is of class C
1+ for any q ∈ S. In particular, Xˇk
generates a C1+ flow on Mˇ that is tangent to Fˇ . We denote it by Φˇk. By the
inequalities (4.7) and (4.8), the sequence (Φˇk)k≥1 converges to Φˇ in the C
1,0-
topology. It implies that the flow Φˇk is topologically equivalent to Φ by 4.4.
For any given ǫ > 0, the flow Φˇ satisfies (A)ǫ. Hence, Φˇk satisfies the property
(A)ǫ if k is sufficiently large.
We show that ρΦ = 1. If it is not, there exists k0 ≥ 1 such that Φˇk0 satisfies
the property (A)ǫ for ǫ = |1 − ρΦ|/2. Put Ψ = Φˇk0 . Let E be the orthogonal
complement of TΦ with respect to gˇ. Take a metric gˇ′ on TMˇ such that the
splitting TMˇ = TΨ⊕ E is also orthogonal with respect to gˇ′, gˇ′|E = gˇ|E , and
‖XΨ‖gˇ′ = 1, where XΨ is the vector field that generates Ψ. Remark that the
metric gˇ′ is Ho¨lder continuous and satisfies
log detgˇ′DΨ
t(p) = αΨ(p, t; Fˇ , gˇ) + α
⊥
Ψ(p, t; Fˇ , gˇ).
Let T and C be constants in the definition of the property (A)ǫ for Ψ. Then,
we have
inf
p∈Mˇ
∣∣log detgˇ′DΨt(p)∣∣
= inf
p∈Mˇ
∣∣αΨ(p, T ; Fˇ , gˇ) + α⊥Ψ(p, T ; Fˇ , gˇ)∣∣
≥ inf
p∈Mˇ
{
|1− ρΦ| ·
∣∣αΨ(p, T ; Fˇ , gˇ)∣∣− ∣∣ρΦ · αΨ(p, T ; Fˇ , gˇ) + α⊥Ψ(p, T ; Fˇ , gˇ)∣∣}
≥
C
2
|1− ρΦ| > 0.
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It contradicts that M is of finite volume with respect to the volume induced
from gˇ′. So, we have ρPhi = 1.
Fix k1 ≥ 1 such that Φˇk1 satisfies the property (A)(1/2). By Corollary 2.2,
Mˇ admits a C∞-structure that is compatible with the C1+-structure and such
that the orbit foliation of Φˇk1 is generated by a C
1+ vector field Yˇ as an oriented
foliation. Let Ψ1 be the flow generated by Yˇ . It satisfies the property (A)(1/2),
By approximating the vector field Yˇ1 by a C
∞ one, we obtain a C∞ Anosov
flow Ψ∞ that is topologically equivalent to Ψ1, and hence, to Φ. Since the
tangent space of the stable foliation of Ψ∞ is C
0-close to that of Ψ1, we can see
that Ψ∞ satisfies the property (A)(1/2). As mentioned at the beginning of the
proof, it completes the proof of the proposition.
Proof of Proposition 4.6. Let Fu be the weak unstable foliation of Φ. By the
assumption, we can take the C1+ foliation L that is transverse to F and satisfies
L(p) ⊂ Fu(p) for any p ∈ M . As the preceding subsection, we take families
{ϕp}p∈M and {ϕˇp}p∈M of coordinates associated with (F ,L) and ν. Let ηp, Mˇ ,
Fˇ , and Φˇ be the ones that are given in the preceding subsection.
Put Fˇu = iM (Fu). We define a foliation Op on (−1, 1)n−1 by
ϕ−1p (Op(x)× 0) ⊂ {Φ
t ◦ ϕ−1p (x, 0) | t ∈ R}.
It is a C1+ foliation satisfying ϕ−1p (Op(x)×(−1, 1)) ⊂ F
u(ϕ−1p (x, y)), and hence,
ϕˇ−1p (Op(x)× ηp((−1, 1))) ⊂ Fˇ
u(ϕˇ−1p (x, yˇ)),
for any p ∈ M , (x, y) ∈ (−1, 1)n, and yˇ ∈ ηp((−1, 1)). Therefore, Fˇu is a C1+
foliation.
Let Oˇ be the orbit foliation of Φˇ. Each leaf of Oˇ is the intersection of leaves
of Fˇ and Fˇu, and hence, the foliation Oˇ is of class C1+. By Corollary 2.2,
Mˇ admits a C∞-structure that is compatible with the C1+-structure of Mˇ and
such that Oˇ is generated by a C1+ vector field Y . Let Ψ be the flow generated
by Y . Since αΨ, α
⊥
Ψ, and βΨ are determined by holonomy maps of Oˇ, we have
ρΦ · α
⊥
Ψ(p, t; Fˇ , gˇ) + αΨ(p, t; Fˇ , gˇ) = 0 (4.9)
for any p ∈ Mˇ and t ∈ R, and there exists T > 0 such that
sup
p∈Mˇ
βΨ(p, T ; Fˇ, gˇ) < 0. (4.10)
Since αΨ(p, t) ≤ βΨ(p, t), Lemma 4.1 implies that Ψ is an Anosov flow.
By Proposition 4.5, we have ρΦ = 1. The equations (4.9) implies that
Ψ preserves a Ho¨lder continuous volume. Now, the proposition follows from
Proposition 2.3 and the structural stability of Anosov flows.
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A A short proof of Theorem 2.1
In this appendix, we give a short proof of Theorem 2.1.
Let m be the dimension of F . We identify the tangent space TzR
n of Rn
at z ∈ Rn with Rn = Rm ⊕ Rn−m. Let ‖ · ‖ be the Euclidean norm on Rk for
each k ≥ 1. For ǫ > 0, a C∞ coordinate ϕ on an open subset Uϕ of M is called
(F , ǫ)-adapted if ϕ(Uϕ) = (−9, 9)n and
Dϕ(TF(p)) ⊂ {v ⊕ v′ ∈ Tϕ(p)R
n = Rm ⊕ Rn−m | ‖v′‖ ≤ ǫ‖v‖} (A.1)
for any p ∈ Uϕ. For a foliation G on M , let U r+α(G) be the set of points p ∈M
such that TG is of class Cr+α on a neighborhood of p.
Lemma A.1. Let ϕ be an (F , 1)-adapted coordinate. For any compact subsets
V0 ⊂ U r+α(F) and any Cr-neighborhood U of the identity map in the space of
Cr-diffeomorphism of M , there exists a Cr+α diffeomorphism H ∈ U such that
V0 ∪ ϕ
−1([−1, 1]n) ⊂ U r+α(H(F)). (A.2)
Proof. By (A.1), there exists a Cr+α map F : [−4,−4]n→(−9, 9)n−m such that
ϕ−1(w,F (w, z)) ∈ F(ϕ−1(0, z)) and ‖F (w, z) − z‖ ≤ ‖w‖ for any (w, z) ∈
[−4, 4]n = [−4, 4]m×[−4, 4]n−m. Put U = ϕ−1({(w,F (w, z)) | (w, z) ∈ [−4, 4]n}).
For a map G from [−4, 4]n to Rn or Rn−m, let V r+α(G) be the set of points
w ∈ Rn such that G is of class Cr+α on a neighborhood of w.
Fix a C∞ function λ on [−4, 4]n such that 0 ≤ λ(w, z) ≤ 1 for any (w, z) ∈
[−4, 4]n, λ(w, z) = 0 on [−4, 4]n\[−7/2, 7/2]n, and λ(w, z) = 1 on [−3, 3]n.
For any given C∞ map f : [−4, 4]n→(−9, 9)n−m, we define Cr+α maps Gf :
[−4, 4]n→(−9, 9)n and Hf :M→M by
Gf (w, z) = (w, (1 − λ(w, z))F (w, z) + λ(w, z)f(w, z))
and
Hf (p) =
{
ϕ−1 ◦Gf ◦G
−1
F ◦ ϕ(p) (p ∈ U)
p (p 6∈ U).
(A.3)
Remark that [−1, 1]n ⊂ GF ((−3, 3)n) and
V r+α
(
∂F
∂xj
)
∪ [−3, 3]n ⊂ V r+α
(
∂Gf
∂xj
)
(A.4)
for any j = 1, · · · , n.
If f is sufficiently C1-close to F , then Hf is a diffeomorphism. Since
ϕ−1 ◦Gf ([−4, 4]
m × z) ⊂ Hf (F)(ϕ
−1 ◦Gf (w, z))
for any (w, z) ∈ [−4, 4]n, we have
U r+α(Hf (F)) ∩Hf (U) = ϕ
−1 ◦Gf

 n⋂
j=1
V r+α
(
∂Gf
∂xj
) . (A.5)
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In particular,
U r+α(F) ∩ U = ϕ−1 ◦GF

 n⋂
j=1
V r+α
(
∂F
∂xj
) (A.6)
since GF (x, y) = (x, F (x, y)) and HF is the identity map.
There exists a Cr-neighborhood V of F such that Hf is a diffeomorphism
in U , V0 ⊂ Hf (U r+α(F)), and [−1, 1]n ⊂ Gf ((−3, 3)2) for any f ∈ V . By the
relations (A.3), (A.4), (A.5), and (A.6), the diffeomorphism Hf satisfies the
required condition (A.2) for any C∞ map f ∈ V .
Now, we prove Theorem 2.1. Fix a family {ϕi}
k
i=1 of (F , 1/2)-adapted coor-
dinates so that
⋃k
i=1 ϕ
−1
i ([−1, 1]
n) =M . Take a Cr neighborhood U of the iden-
tity map on M so that ϕi is (H(F), 1)-adapted for any H ∈ U and i = 1, · · · , k.
Proof is by induction of i. By Lemma A.1, there exists H1 ∈ U such that
ϕ−11 ([−1, 1]
n) ⊂ U r+α(H1(F)). Suppose that there exists Hi ∈ U such that⋃i
j=1 ϕ
−1
j ([−1, 1]
n) ⊂ U r+α(Hi(F)) for some i ≤ k − 1. Applying Lemma A.1
to ϕi+1 and
⋃i
j=1 ϕ
−1
i ([−1, 1]
n), we obtain a diffeomorphism Hi+1 ∈ U such
that
⋃i+1
j=1 ϕ
−1
j ([−1, 1]
n) ⊂ U r+α(Hi+1(F)). It completes the induction.
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